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Abstract

A combined experimental and analytical investigation has been performed to understand the mechanical behavior of
two amorphous polymers—polycarbonate and poly(methyl methacrylate)—at strain rates ranging from 10�4 to 104 s�1.
This range in strain rates was achieved in uniaxial tension and compression tests using a dynamic mechanical analyzer
(DMA), a servo-hydraulic testing machine, and an aluminum split-Hopkinson pressure bar. DMA tension tests were
used to characterize the viscoelastic behavior of these materials, with focus on the rate-dependent shift of material tran-
sition temperatures. Uniaxial compression tests on the servo-hydraulic machine (10�4 to 1 s�1) and the split-Hopkinson
pressure bar (103 to 104 s�1) were used to characterize the rate-dependent yield and post-yield behavior. Both materials
were observed to exhibit increased rate sensitivity of yield under the same strain rate/temperature conditions as the b-
transition of the viscoelastic behavior. A physically based constitutive model for large strain deformation of thermo-
plastics was then extended to encompass high-rate conditions. The model accounts for the contributions of different
molecular motions which become operational and important in different frequency regimes. The new features enable
the model to not only capture the transition in the yield behavior, but also accurately predict the post-yield, large strain
behavior over a wide range of temperatures and strain rates.
� 2005 Elsevier Ltd. All rights reserved.
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1. Background

Amorphous polymers have been used extensively as the structural material of engineering components
that are designed to resist impact, ranging from bus windows and eyeglasses to helmets and body armor.
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The choice of polymeric materials for these applications has been made appealing by their relative low den-
sity, as well as the transparency that is characteristic of amorphous homopolymers. The rate-dependence of
the elastic, plastic and failure behavior of polymers is well-known; however, the behavior under very high
rates of deformation is still not well understood. It was the goal of this study to develop such an under-
standing for amorphous polymers, from molecular mechanisms of deformation resistance up to the
elastic–viscoplastic stress–strain response, and to use this understanding in the development of a constitu-
tive model that is accurate at all deformation rates.

Fig. 1 shows the yield strength of poly(methyl methacrylate) (PMMA) as a function of both temperature
and strain rate, as recorded by Roetling (1965b). This experimental data indicates the existence of a signif-
icant transition in the nature of the rate dependence of the material yield behavior. Beyond a transition
threshold, the material exhibits an increased sensitivity to strain rate. The transition threshold is determined
by both temperature and strain rate. This same phenomenon has been observed in the yield behavior of a
variety of amorphous polymers: polycarbonate (PC) (Bauwens-Crowet et al., 1972; Rietsch and Bouette,
1990; Moy et al., 2003), polyvinyl chloride (PVC) (Bauwens et al., 1969; Walley and Field, 1994), poly(ethyl
methacrylate) (PEMA) (Roetling, 1965a), and amorphous polyethylene terephthalate (PET) (Foot et al.,
1987). The transition threshold, as well as the degree of strain rate sensitivity before and after the transition,
is unique to the particular polymer.

Although many theories have emerged to address polymer plasticity, only the Ree–Eyring theory pro-
vides an analytical model that is capable of capturing polymer yield behavior across such a transition.
The Ree–Eyring theory (Ree and Eyring, 1955) is a modification of the general Eyring theory (Eyring,
1936) for rate-activated processes and allows for multiple rate-activated processes acting in tandem to con-
trol the flow of a material. When the Ree–Eyring theory is applied to polymer plasticity, it is assumed that
these ‘‘processes’’ are related to specific degrees of freedom of the polymer chains. Thus, under the
Ree–Eyring theory, the transition observed in the yield behavior is explained in terms of molecular-level
motions. When a particular degree of freedom of the polymer chain suddenly becomes restricted at low
temperature and/or high strain rate, the corresponding process begins to contribute to the overall material
deformation resistance. Roetling (1965a,b), Bauwens et al. (1969), and Bauwens-Crowet et al. (1969) were
the first to capture a transition in polymer yield behavior by applying a two-process Ree–Eyring yield
model to data obtained under quasi-static loading conditions over a wide range of temperatures.
Fig. 1. PMMA yield strength as a function of temperature and strain rate. Reprinted from Roetling (1965b) with permission from
Elsevier.
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This theory, connecting molecular mechanisms of deformation resistance with macroscopic mechanical
behavior, was furthered by Bauwens (1972). Bauwens hypothesized a correlation between the observed
transition in material yield behavior with the secondary b-transition of the viscoelastic behavior. He argued
that both transitions are governed by the same molecular motions, using measured activation energy values
to corroborate his theory. He then built a modified version of the Ree–Eyring yield model, based on vis-
coelastic loss tangent measurements, that was able to more accurately capture the distributed nature of
the yield transition. Over the past three decades, the experimental and analytical work of other researchers
has reinforced the ideas of Bauwens and his contemporaries. Split-Hopkinson bar testing has been em-
ployed to study the yield and post-yield behavior of polymers at very high strain rates (>1000 s�1) (Kolsky,
1949; Rietsch and Bouette, 1990; Walley and Field, 1994; Moy et al., 2003; Cady et al., 2003; Swallowe and
Lee, 2003). The two-process Ree–Eyring yield model has been used extensively to capture material yield
behavior over very large ranges in temperature and strain rate (Haussy et al., 1980; Foot et al., 1987; Steer
and Rietsch, 1988; Rietsch and Bouette, 1990), where calculated activation energy values have confirmed
Bauwens� hypothesis concerning the connection between viscoelastic and yield behavior transitions (Foot
et al., 1987).

Through nuclear magnetic resonance (NMR), dielectric measurements, and comparison of the activation
and relaxation characteristics of polymers with similar structures, researchers have attempted to identify
specific intramolecular motions in association with the b-transitions of different amorphous polymers.
Significant discussion on this topic is given by Hutchinson (1997), including a thorough summary of past
findings, both complementary and contradictory. Traditionally, the b-transition of PC has been attributed
to the restriction of main-chain phenyl group rotations; for PMMA, the b-transition is attributed to the
restriction of ester side group rotations. More recently, however, it has been suggested that cooperative
intermolecular motions are also involved in these secondary processes (Floudas et al., 1993; Diaz-Calleja
et al., 1994; Schartel and Wendorff, 1995). For the purposes of this study, the most significant result is that
there does exist some secondary molecular motion, distinct from molecular processes of the a-transition,
which has an independent contribution to the macroscopic rate dependence of these materials.

The combined experimental and analytical research program of this study was developed in consider-
ation of the broad base of knowledge and theory that has been established in the literature. On the exper-
imental side, investigation of viscoelastic behavior was chosen as one focal point, in order to gain more
fundamental understanding of the material transitions, and to further the linkages between material visco-
elastic, yield, and stress–strain behavior. The effects of these transitions on yield and post-yield behavior
over a wide range in strain rates, extending up to 1000 s�1, was then experimentally explored in large strain
compression testing. On the analytical side, the concept of decomposing material resistance to elastic defor-
mation and to initial yield into contributions from two different molecular processes proved central to the
analysis and modeling techniques introduced here.
2. Experiments

2.1. Materials

Two amorphous polymers were chosen for investigation in this study: Lexan� polycarbonate manufac-
tured by GE Plastics, and Plexiglas� G poly(methyl methacrylate), manufactured by AtoHaas. All speci-
mens were machined directly from sheet stock and stored in a dessicator cabinet for 3–5 days prior to
testing to eliminate any variability in the data caused by changing humidity levels. The Plexiglas G PMMA
sheet is produced through a traditional cell cast method, and thus no molecular chain orientation exists in
the as-cast sheet. The PC sheet, on the other hand, is produced through an extrusion process, and will ex-
hibit very slight chain orientation in the extrusion direction. While this orientation may significantly affect
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the accessibility of various local failure modes in certain loading situations, it has little to no effect on the
viscoelastic, yield and post-yield behavior during uniaxial compression. This assertion was verified through
post-test analysis of the deformed compression specimens, which were found to be perfectly circular in
cross-section.

2.2. Dynamic mechanical analysis

Dynamic mechanical analysis (DMA) testing was performed on a TA Instruments Q800 Dynamic
Mechanical Analyzer. Rectangular PC and PMMA specimens were machined from sheet stock approxi-
mately 1.6 mm thick; final specimens had approximate dimensions of 20 mm · 3 mm · 1.6 mm. The spec-
imens were loaded in the DMA with a tensile pre-load (0.01 N); displacement control mode was used to
oscillate about the pre-strain level such that total strain levels never exceeded 0.1% at temperatures below
Tg. Materials were first tested over the entire temperature range of the DMA instrument—from �140 �C to
180 �C—at a frequency of 1 Hz. The storage modulus and loss modulus were measured as a function of
temperature, and the corresponding loss tangent was calculated. In this manner, a storage modulus ’’refer-
ence curve’’ was established for each material, and approximate temperature locations of significant mate-
rial transitions could be determined. The two materials were then tested at frequencies of 1 Hz, 10 Hz, and
100 Hz, over small ranges in temperature around the identified material transitions. The particular frequen-
cies of these tests corresponded to strain rates over the range 1.9 · 10�3 s�1 to 3.2 · 10�1 s�1, depending on
the exact specimen gage length and displacement amplitude prescribed.1 Again, storage modulus and loss
modulus information was recorded, and corresponding loss tangent calculations were made.

2.3. Compression testing

Uniaxial compression tests were carried out on PC and PMMA over seven decades of strain rate:
10�4 s�1 to approximately 6000 s�1. Uniaxial compression was selected as the deformation mode because
it dictates a homogeneous stress and deformation state to large strains, making interpretation of the data
straightforward. Low to moderate rate testing (10�4 s�1 to 1 s�1) was conducted on an Instron servo-
hydraulic testing machine. A specially designed feedback loop between the extensometer (which locally
measures the current height of the specimen) and the actuator was used to ensure a constant true strain
rate over the duration of the tests. Thin Teflon sheets were placed between the Instron platens and specimen
surfaces; WD-40 lubricant was used between the Teflon sheets and platens. The lower platen was fit with a
spherical seat, to compensate for any small misalignment. All specimens were of right circular cylinder
geometry, with diameter of 12.7 mm and length of 6.35 mm. Specimens were machined down from sheet
stock of thickness greater than 6.35 mm, with a parallel-face tolerance of less than three one-hundredths
of a millimeter. This particular length-to-diameter ratio (1:2) was chosen in order to be consistent with
the geometry of the high-rate specimens.

High strain rate testing (800 s�1 to 6000 s�1) was performed on a compressive split-Hopkinson bar test
apparatus designed in cooperation with and built by Physics Applications, Inc. of Dayton, Ohio. This
1 The test frequency is converted to a strain rate by examining one-quarter of a cycle in the sinusoidal load program. The time
duration of this quarter cycle is known from the test frequency, and the strain amplitude achieved during this time can be calculated
from the prescribed displacement amplitude and the known specimen gage length. The increase in strain over this time is approximated
to be linear, and thus an average strain rate can be calculated:

_� ¼ strain

time
¼

d0
lg
1
4

1
x

ð1Þ

where d0 is the displacement amplitude and lg is the specimen gage length.
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apparatus employs solid aluminum pressure bars, both with a length of approximately 2.3 m and a diam-
eter of 19.05 mm. The theory of split-Hopkinson bar testing has been well-documented; see for instance
Davies (1948), Kolsky (1949), or Gray (2000). Recently, issues unique to testing low-impedance, low yield
strength materials such as amorphous polymers have been a topic of research for several investigators; this
line of work is summarized by Gray and Blumenthal (2000).

Specimens for split-Hopkinson bar testing were also of right circular cylinder geometry, with a diameter
of 5.08 mm and a length of 2.54 mm. Previous work has suggested that length-to-diameter ratios of 1:2 or
less are necessary in the testing of low-impedance materials on these test systems, in order to minimize wave
attenuation in the strain gage signals (Gray et al., 1997; Chen et al., 1999). Also, a length-to-diameter ratio
of 1:2 has been shown to be optimal in negating the effects of radial and longitudinal inertia in the specimen
(Davies and Hunter, 1963). All specimens were lubricated with a thin layer of petroleum jelly on both faces,
and little to no barreling was ever observed. Dynamic equilibrium was achieved before yield in all tests, due
to the short specimen lengths. Since DMA testing was used to characterize the rate-dependent elastic mod-
uli, the pre-yield data at high rates was not of consequence and therefore pulse-shaping was unnecessary.
3. Results and analysis

3.1. Dynamic mechanical analysis

Representative storage modulus and loss modulus curves taken at 1 Hz for PC and PMMA are plotted
in Figs. 2 and 3, respectively. In both storage modulus curves, there is clear evidence of a glass (a) transi-
tion, through which the storage modulus drops off by three orders of magnitude. In the case of PC (Fig. 2),
this transition is centered around 150 �C; for PMMA (Fig. 3), it is centered around 115 �C. As expected, the
loss modulus curves exhibit a relative maximum in the region of these glass transitions. For both materials,
the a-transition is associated with restricted rotations and translations of the polymer main chains.

The loss modulus curves of Figs. 2 and 3 may also act to identify the temperature location of the sec-
ondary (b) viscoelastic transitions of PC and PMMA. In the PC curve (Fig. 2), there is a b-peak located
at approximately �80 �C—far enough away from the a-peak that the corresponding effect on the storage
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Fig. 2. PC storage modulus (solid line) and loss modulus (dashed line) as a function of temperature at 3.2 · 10�3 s�1 (1 Hz). The loss
modulus peaks centered at �95 �C and 150 �C correspond to the b and a transitions, respectively.
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Fig. 3. PMMA storage modulus (solid line) and loss modulus (dashed line) as a function of temperature at 2.1 · 10�3 s�1 (1 Hz). The
loss modulus peaks centered at 15 �C and 115 �C correspond to the b and a transitions, respectively.
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modulus curve is clear. The storage modulus drops from �3 GPa at �100 �C to �2 GPa at �25 �C and
then to �1.7 GPa at 100 �C. For PC, the b-transition is taken to be correlated with the molecular mobility
of main-chain phenyl groups.

In the case of PMMA (Fig. 3), the large b-peak overlaps the a-peak a considerable amount at this
frequency, and thus only one combined effect is seen in the storage modulus reference curve. The storage
modulus drops from �5 GPa at �100 �C to �4 GPa at �25 �C and then to �1.5 GPa at 100 �C. The
PMMA b-transition, centered at 15 �C, is correlated with the mobility of the ester side groups with respect
to the main chain.

Further DMA testing was conducted in order to determine the rate-dependent shifts of the transition
locations. Using the locations identified in Figs. 2 and 3, small ranges of temperature in the region of
the a and b transitions were examined at 1 Hz (�10�3 s�1), 10 Hz ( � 10�2 s�1), and 100 Hz (�10�1 s�1).
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Table 1
Shift of PC and PMMA viscoelastic transitions with strain rate

Shift of a-transition [�C/decade strain rate] Shift of b-transition [�C/decade strain rate]

PC 4.7 15.3
PMMA 11.1 25.2
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In Fig. 4, representative PC loss tangent curves in the region of the a-transition are plotted as a function of
temperature and strain rate. The glass (a) transition is observed to shift to higher temperatures with increas-
ing strain rate. By tracing the precise temperature location of the a-peak with increasing strain rate, the shift
factor was quantified: the PC glass transition was found to shift approximately 4.7 �C per decade increase in
strain rate. An identical procedure was used to quantify the rate-dependent shifts of the a and b transitions
of PC and PMMA—the results are summarized in Table 1. In general, the temperature locations of the b
transitions are observed to be much more sensitive to changes in strain rate.

In order to predict the elastic behavior at all strain rates and temperatures, the DMA data over the tested
frequency and temperature conditions is utilized together with a novel time-temperature shift that specifi-
cally takes into account the different rate dependencies of the a and b transitions. In particular, this ap-
proach enables accurate characterization of the rate-dependent elastic behavior at the high strain rates
(�1000 s�1) experienced during ballistic impact events.

Analytical expressions for the elastic moduli of PC and PMMA are developed by first decomposing the
storage modulus reference curves of Figs. 2 and 3 into their respective a and b components. For the case of
PC, the structure of the storage modulus reference curve lends itself well to decomposition: as the curve is
traced with decreasing temperature, a significant upturn appears at approximately �25 �C. Based on the
loss modulus measurements, this upturn is observed to correlate with the onset of the restriction of the
b-process. Following this analysis, the PC storage modulus reference curve was separated into an a- and
a b-component, as shown in Fig. 5. These components were then taken to shift with strain rate by the
amounts determined via experimental examination of the transition locations, summarized in Table 1.
The entire modulus curve could then be reconstructed for any particular strain rate by first shifting the
components of the reference curve by the appropriate amounts, and then summing the components at every
temperature.

This decompose/shift/reconstruct (DSR) method enables the prediction of the elastic modulus of PC and
PMMA at temperatures and strain rates well beyond the capabilities of the DMA instrument. Fig. 6 shows
the DSR model prediction of the PC elastic modulus curve at five different strain rates, ranging from
10�4 s�1 to 104 s�1. The curve not only shifts to the right (increased temperatures) with increasing strain
rate, but it also changes shape due to the different shift factors of the a and b components of the curve.2

Perhaps more significantly, this DSR method can also be used to predict at what strain rate we would
expect to observe a significant transition in material behavior. Assuming that this significant material tran-
sition—most often observed in the yield behavior of the polymer—is brought on by the restriction of the
same molecular motion associated with the b-transition of the viscoelastic behavior, we may look to the
shifting b-transition in Fig. 6 to predict the transition strain rate. Again, this b-transition is identified by
the upturn in the storage modulus curve. At strain rates of about 1 s�1 and below, the upturn has not
yet shifted past room temperature (vertical dashed line)—phenyl group rotations are not yet restricted,
and the b contribution to the overall elastic modulus is negligible. However, as the strain rate is increased
to 100 s�1, the transition shifts past room temperature and the b contribution rapidly becomes more signif-
icant with increasing strain rate. Since the same basic mechanisms which govern elasticity in amorphous
2 Note that linear viscoelastic theory can be used to express this behavior in terms of relaxation moduli and/or creep compliances as a
function of time and temperature.
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polymers also govern yield and plasticity, we would expect to observe a transition in the room temperature
yield behavior of PC at a similar strain rate—about 100 s�1.

Application of the DSR method to the PMMA data was not as straightforward as it was in the case of
PC, mainly because of the interaction between the a and b processes across almost every temperature at the
reference strain rate. A suitable decomposition of the storage modulus data (Fig. 7) was developed not only
from the PMMA storage and loss modulus curves, but also from the methods which best suited the PC
decomposition. Combining this analytical decomposition with the experimentally-derived shift factors
for the a and b processes, again it was possible to predict at what strain rate we would expect to see a
significant transition in the PMMA yield behavior at room temperature. Fig. 8 shows the PMMA elastic
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modulus at six different strain rates, as predicted by the DSR model, along with a vertical dashed line rep-
resenting room temperature. Based on the curves of this figure, the PMMA transition is expected to occur
at a strain rate between 10�5 s�1 and 10�4 s�1.

3.2. Compression testing

During low to moderate rate compression testing on the servo-hydraulic instrument, both PC and
PMMA specimens deformed in a ductile manner up to a true strain of 0.80, corresponding to a deformed
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height ratio h/h0 = 0.45. The homogeneous nature of the deformation was confirmed via post-mortem anal-
ysis of the test specimens; little to no barreling was observed in either the PC or PMMA.

In the case of high-rate testing, the PC specimens deformed in a ductile manner over the tested strain
rates, ranging from 1200 s�1 to 4000 s�1 (true strain rate at yield). In the PMMA tests, brittle failure of
the specimens occurred prior to yield at strain rates above 1400 s�1. At rates lower than 1400 s�1, yield
and post-yield deformation were observed prior to a brittle failure. In both materials, true strain rates were
found to vary over the duration of the tests. However, despite the absence of pulse-shaping techniques, the
strain rate varied no more than 25% for both PC and PMMA. Fig. 9 shows representative true strain rate
histories, along with the corresponding true stress–true strain curves, for tests on PC and PMMA where the
greatest variation in strain rate was observed.

The results of all uniaxial compression testing of PC are summarized in Figs. 10 and 11. Fig. 10 provides
a comparison of representative high-rate true stress–true strain curves (1350 s�1 and 5050 s�1) with
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representative low to moderate rate curves (10�3 and 1 s�1). All of the curves indicate the expected features
of material response to large-strain uniaxial deformation: initial linear elasticity, non-linear transition to
global yield, followed by strain softening and subsequent strain hardening. It is observed that, in general,
the relative significance of each of these features remains constant through this range of strain rates.

Fig. 11 shows the PC yield strength as a function of strain rate across all of the tested strain rates. Within
the low to moderate rate regime, the yield stress is found to increase linearly with the logarithm of strain
rate, indicating that yield behavior in this regime could be accurately explained and/or predicted in terms of
a single activated process. This finding is in agreement with the work of Bauwens et al. (1969), Walley and
Field (1994), and Moy et al. (2003), among others. In the high-rate regime, again the yield strength is found
to increase in an approximately linear fashion with the logarithm of strain rate. However, the slope of the
data line is much greater in this high-rate regime. It is clear that PC undergoes a significant material tran-
sition as the strain rate is increased beyond a certain critical level, located between the test capabilities of the
servo-hydraulic machine and the test capabilities of the split-Hopkinson bar apparatus. The yield data gen-
erated here indicates that the transition is centered around a strain rate of approximately 150 s�1. This tran-
sition strain rate is consistent with the DSR model prediction of the transition in the rate-dependent
mechanical behavior.

The results of all uniaxial compression testing of PMMA are summarized in Figs. 12 and 13. Fig. 12
shows representative true stress–true strain curves for PMMA across all of the tested strain rates. In this
case, the characteristic shape of the stress–strain curve is not the same at all rates. At moderate strain rates,
the PMMA exhibits significantly more post-yield softening than at low strain rates, as also seen in the work
of Arruda et al. (1995). The increased softening effect has been shown to be due to non-isothermal test con-
ditions as the strain rate is increased. A fraction of the plastic work is converted to heat, and thus the poly-
mer experiences thermal softening with increased plastic straining when the strain rate is sufficiently high
such that all of the heat is not transferred out of the specimen. The flow stress of PMMA is more temper-
ature sensitive than that of PC, and thus thermal softening is clearly apparent only in the PMMA data. In
the high-rate curves, data does not extend past moderate strain levels because of the brittle failure of the
split-Hopkinson bar specimens.

The yield stress of PMMA over all of the tested strain rates is documented in Fig. 13. In this case, the
material transition seems to occur entirely within the strain rate regime accessed in quasi-static testing,



0 0.2 0.4 0.6 0.8
0

50

100

150

200

250

300

350

True Strain

T
ru

e 
St

re
ss

 [
M

Pa
]

0.001 s

0.3 s- 1

800 s- 1

1400 s- 1

- 1

Fig. 12. Representative curves of PMMA true stress–true strain behavior in uniaxial compression at four low, moderate, and high
rates. Reported high strain rates are averages over the duration of the tests.

10 10
- 2

10
0

10
2

10
4

50

100

150

200

250

300

350

True Strain Rate [s- 1]

T
ru

e 
Y

ie
ld

 S
tr

es
s 

[M
Pa

]

- 4

Fig. 13. PMMA true yield stress as a function of true strain rate (logarithmic scale)—low to high strain rates. Each data point
represents an average of at least two tests on either the servo-hydraulic Instron (d) or the compressive split-Hopkinson bar (s).

1342 A.D. Mulliken, M.C. Boyce / International Journal of Solids and Structures 43 (2006) 1331–1356
where the yield stress is found to increase in a non-linear fashion with the logarithm of strain rate. This
result is consistent with the work of Bauwens-Crowet and Homès (1964) and Roetling (1965b). Though
the DSR model for PMMA predicted a material transition, related to the restriction of b-motions, at a
strain rate between 10�5 s�1 and 10�4 s�1, Fig. 13 shows a kink in the yield data close to 10�2 s�1. However,
as with PC, yield data could not be obtained close to the predicted transition region. It is possible that the
yield curve begins to deviate from linearity at 10�5 s�1 to 10�4 s�1, but changes only become pronounced at
strain rates three to four decades higher. Such a finding would be consistent with the distributed nature of
the viscoelastic b-transition observed in the PMMA loss modulus data of Fig. 3; in this figure, the b-peak at
a strain rate of �10�3 s�1 is observed to span two hundred and fifty degrees in temperature.
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The experimental yield data presented here, especially in the case of PC, validates the DSR method as an
analytical technique for predicting transitions in the rate-dependent behavior of amorphous polymers. With
this tool, it will be possible to evaluate different polymers as potential materials for high-rate applications,
based on a desire to exploit changes in material behavior. Also, the combined analytical and experimental
results presented thus far serve to reinforce the postulated link between the transition in the yield behavior
of amorphous polymers and the rate dependence of the a and b transitions in the viscoelastic behavior. Fi-
nally, with new insight and new understanding, this fundamental understanding of the material transitions
will be used as the foundation for a proposed constitutive model for the three-dimensional rate-dependent
finite strain deformation of amorphous polymers.
4. Constitutive model

The constitutive model proposed builds upon prior modeling of the three-dimensional rate-, temperature-,
and pressure-dependent finite-strain deformation of thermoplastic materials. The original model was intro-
duced in its components by Boyce et al. (1988) and Arruda and Boyce (1993a,b). The model has been shown
to be predictive of the stress–strain behavior of PC (Arruda and Boyce, 1993a; Boyce et al., 1994) and PMMA
(Boyce et al., 1988; Arruda et al., 1995) at low to moderate strain rates (10�3 s�1 to 1 s�1), at temperatures
from 300 K to 363 K, and in four states of deformation: plane strain compression, simple shear, uniaxial ten-
sion, and uniaxial compression. The model had not been tested against high rate or low temperature data.
Here, we extend the model to provide predictive capabilities for high rate and low temperature loading.

There are three components in the original model: a linear elastic spring, a viscoplastic dashpot, and a
non-linear Langevin spring. The dashpot and elastic spring act in series, with the non-linear spring in parallel
to both. Inherent in this model structure is the assumption that the resistance to deformation may be decom-
posed into two parts: intermolecular resistance to chain-segment rotation (elastic spring and viscoplastic
dashpot), and entropic resistance to chain alignment (Langevin spring). In the proposed constitutive model,
it is assumed that the intermolecular deformation resistance may be further decomposed into the contribu-
tions from multiple rate-activated processes, each associated with a particular molecular-level motion.

As in most practical applications of the Ree–Eyring yield theory, the proposed model only considers the
primary (a) process and the most significant secondary process (b). PC and PMMA data indicates that the
contributions from other secondary processes are either hidden within the contribution of the b-process, or
are non-existent over the range of temperatures and strain rates capable in mechanical testing. The a-pro-
cess is associated with rotations of the polymer main-chain segments; in the previous model of Boyce et al,
the elastic–viscoplastic component was meant to simulate this process only. The proposed model considers
a second, b-component to the intermolecular resistance: in the case of PMMA, it is associated with re-
stricted rotations of the ester side-group; in the case of PC, it is restricted rotations of the main-chain phenyl
group. The model assumes that the a and b molecular processes are sufficiently de-coupled, so that overall
material response may be approximated as the simple superposition of the two.

A one-dimensional rheological depiction of the proposed constitutive model is presented as Fig. 14. In
this model, the b-process is given its own elastic–viscoplastic component, in parallel with the existing ‘‘a’’
elastic–viscoplastic component. The two components have unique material parameter definitions, such that
their relative contributions vary with temperature and strain rate. At high temperatures and low strain
rates, the b-component will be fairly compliant, and most, if not all, intermolecular resistance will be gen-
erated in the elastic spring and viscoplastic dashpot of the a-component. At low temperatures and high
strain rates, the b-process will become restricted, and the intermolecular resistance will be two-part. The
entropic hardening definition remains unchanged from the original model. A fully three-dimensional con-
stitutive model has been built up from this one-dimensional understanding, beginning with the kinematics
of finite strain.



Fig. 14. A one-dimensional rheological interpretation of the proposed constitutive model for rate-dependent thermoplastic behavior.
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4.1. Kinematics

The finite strain kinematic framework of the model follows that presented in Bergstrom and Boyce
(1998, 2000), Boyce et al. (2000), and Boyce et al. (2001), with the main difference being that every relation-
ship pertaining to the intermolecular resistance is developed in duplicate here. Throughout the derivations
of this section, terms relating to the combined elastic–viscoplastic element will be given a subscript of ‘‘A’’,
and terms relating to the entropic-hardening element shall be given a subscript of ‘‘B’’ (as denoted in Fig.
14). All quantities specific to the a and b components will be given those subscripts as well. Boldface type
indicates tensorial quantities in this three-dimensional formulation.

The total deformation gradient F � ox/oX, mapping a material point from the reference position X to its
current location x, acts in full on each of the three main components of the model
FAa ¼ FAb
¼ FB ¼ F ð2Þ
The deformation gradients in element A may be multiplicatively decomposed into elastic and plastic com-
ponents following Kroner–Lee decomposition (Kroner, 1960; Lee, 1969):
FAa ¼ Fe
Aa
Fp
Aa

ð3Þ

FAb
¼ Fe

Ab
Fp
Ab

ð4Þ
The plastic deformation gradients Fp
Aa

and F
p
Ab

may be interpreted as the mapping of a material point in
the reference configuration to a material point in the ‘‘relaxed configuration’’, obtained by elastic unloading
to a stress-free state. Also, it is assumed that all plastic deformation is volume preserving, i.e.
detFp

Aa
¼ detFp

Ab
¼ 1. Following polar decomposition of the deformation gradients, the deformation of

the relaxed configuration may be expressed as the product of a stretch and a rotation
F
p
Aa

¼ R
p
Aa
U

p
Aa

¼ V
p
Aa
R

p
Aa

ð5Þ

Fp
Ab

¼ Rp
Ab
Up

Ab
¼ Vp

Ab
Rp

Ab
ð6Þ
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We may examine the rate at which deformation takes place in the body through the velocity gradient
L ¼ LAa ¼ LAb

¼ _FAF
�1
A . The velocity gradient may be decomposed into elastic and plastic components
LAa ¼ Le
Aa

þ Fe
Aa
L

p
Aa
Fe�1
Aa

¼ Le
Aa

þ ~L
p

Aa
ð7Þ

LAb
¼ Le

Ab
þ Fe

Ab
Lp

Ab
Fe�1
Ab

¼ Le
Ab

þ ~L
p

Ab
ð8Þ
where
~L
p

Aa
¼ ~D

p

Aa
þ ~W

p

Aa
ð9Þ

~L
p

Ab
¼ ~D

p

Ab
þ ~W

p

Ab
ð10Þ
and ~D
p

Aa
and ~D

p

Ab
(symmetric tensors) represent the rates of plastic stretching in the loaded configuration;

similarly, ~W
p

Aa
and ~W

p

Ab
(skew tensors) are the rates of plastic spin in the loaded configuration. In this anal-

ysis, plastic flow is assumed to be irrotational, i.e. ~W
p

Aa
¼ ~W

p

Ab
¼ 0. Note that this does not restrict either

the elastic or the plastic rotation tensors to be the identity matrix. It follows, then, that
_F
p

Aa
¼ Fe�1

Aa
~D
p

Aa
Fe
Aa
F
p
Aa

¼ Fe�1
Aa

~D
p

Aa
FAa ð11Þ

_F
p

Ab
¼ Fe�1

Ab
~D
p

Ab
Fe
Ab
F
p
Ab

¼ Fe�1
Ab

~D
p

Ab
FAb

ð12Þ
The final expressions in Eqs. (11) and (12) are integrated to obtain Fp
Aa

and Fp
Ab
; the elastic portion of the

deformation gradients are then obtained via
Fe
Aa

¼ FAaF
p�1
Aa

ð13Þ

Fe
Ab

¼ FAb
Fp�1
Ab

ð14Þ
The kinematics derived here are general; the material-specific model is defined by the constitutive laws
which connect the rates of shape change (plastic stretching) with the stress in the deforming material. Each
rate of shape change is given as the product of a magnitude—the plastic strain rate _cpa or _c

p
b—and a direction

tensor, Np
Aa

or Np
Ab
~D
p

Aa
¼ _cpaN

p
Aa

ð15Þ

~D
p

Ab
¼ _cpbN

p
Ab

ð16Þ
where Np
Aa

and Np
Ab

are taken to be coaxial with the deviatoric stresses acting on the a and b components of
the intermolecular network (A), respectively
Np
Aa

¼
T0

Aa

jT0
Aa
j ð17Þ

N
p
Ab

¼
T0

Ab

jT0
Ab
j ð18Þ
The material model described here provides constitutive laws for _cpa and _cpb, as well as the stress tensors TAa ,
TAb

and TB.

4.2. Material description

The intermolecular contribution (element A) to the material stress state is related to the deformation by
the constitutive laws for the linear elastic springs
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TAa ¼
1

J a
Le

a lnVe
Aa

� �
ð19Þ

TAb
¼ 1

Jb
Le

b lnVe
Ab

h i
ð20Þ
where TAi (i = a, b) is the Cauchy (true) stress; J i ¼ detFe
Ai

is the elastic volume change; Le
i is the fourth-

order modulus tensor; and lnVe
Ai

is the Hencky strain. It is assumed that the material is initially isotropic,
and that the elastic behavior of the material may be decomposed into a and b components. The modulus
tensors may be derived from any two component-specific elastic constants, such as the shear modulus l and
bulk modulus j
Le
a ¼ 2laIþ ja �

2

3
la

� �
I� I ð21Þ

Le
b ¼ 2lbIþ jb �

2

3
lb

� �
I� I ð22Þ
where I and I are the fourth-order and second-order identity tensors, respectively. The elastic constants—
in this case, li and ji (i = a, b)—are assumed to be functions of both temperature and strain rate.3

The stress in the non-linear hardening component, the network ‘‘back stress’’ due to the entropic
resistance to molecular alignment, is taken to be deviatoric and is defined as in the earlier models using
the Arruda-Boyce 8-chain interpretation of molecular alignment
TB ¼ CR

3

ffiffiffiffi
N

p

kpchain
L�1 kpchainffiffiffiffi

N
p

� �
B

0
B ð23Þ
where kpchain ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
traceðBBÞ=3

q
is the stretch on a chain in the eight-chain network; L is the Langevin func-

tion defined by LðbÞ � coth b� 1
b; B

0
B is the deviatoric part of the isochoric left Cauchy–Green tensor,

BB ¼ ðdetFÞ�2=3
FFT;

ffiffiffiffi
N

p
is the limiting chain extensibility; and CR� nkh is the rubbery modulus (where

n is the number of chains per unit volume, k is Boltzmann�s constant, and h is the absolute temperature).
The magnitude of this back stress increases asymptotically as the chain stretch approaches its limiting
extensibility.

The total stress in the polymer is given as the tensorial sum of the a and b intermolecular stresses and the
network (back) stress
T ¼ TAa þ TAb
þ TB ð24Þ
The effective equivalent shear stresses sa and sb are given by
sa ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
T0

Aa
T0

Aa

r
ð25Þ

sb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
T0

Ab
T0

Ab

r
ð26Þ
te that linear viscoelastic theory could be used to capture the relaxation and creep response inherent in these rate-dependent
i. In the intended applications of this model, however, the rate-dependent finite strain plasticity is the dominating issue of
n and therefore we simply express the elastic properties as functions of strain rate and temperature. Further extension to capture
ear viscoelastic regime of behavior in this rheological element of the model will be addressed in ongoing work.
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Finally, two constitutive laws are prescribed for the a and b viscoplastic behavior
_cpa ¼ _cp0;a exp �DGa

kh
1� sa

sa þ ap;ap

� �� �
ð27Þ

_cpb ¼ _cp0;b exp �DGb

kh
1� sb

sb þ ap;bp

� �� �
ð28Þ
where _cp0;i (i = a, b) is the pre-exponential factor proportional to the attempt frequency; DGi is the activation
energy; p is the pressure; and ap,i is the pressure coefficient. The internal variable si is the athermal shear
strength, related to the shear modulus and said to evolve to a preferred state with plastic straining
s0;a �
0.077la

1� ma
ð29Þ

_sa ¼ ha 1� sa
sss;a

� �
_cpa ð30Þ

s0;b �
0.077lb

1� mb
ð31Þ

_sb ¼ hb 1� sb
sss;b

� �
_cpb ð32Þ
where hi (i = a, b) is the softening slope and sss,i is the ‘‘preferred state’’. This internal variable allows the
temperature dependence of the yield stress to mimic the temperature dependence of the elastic shear mod-
uli, and its evolution captures the strain softening phenomenon. In the most general form of this constitu-
tive model, the strain softening phenomenon may be considered as the sum of the softening in the a and b
components. Overall, Eqs. (27) and (28) capture the rate-, temperature-, and pressure-dependence of yield
in the polymer, in addition to strain softening. Further details on the constitutive model proposed here may
be found in Mulliken (2004).

4.3. Model implementation

The constitutive model outlined above has been implemented numerically into a commercial finite ele-
ment code, ABAQUS/Explicit, through a user material subroutine. The application of this user material
subroutine requires knowledge of the 16 material constants that define the components of the model:

Rate-dependent elastic springs
laðh; _�Þ
 lbðh; _�Þ
 Process-specific shear moduli as functions of temperature and strain rate
jaðh; _�Þ
 jbðh; _�Þ
 Process-specific bulk moduli as functions of temperature and strain rate
Viscoplastic dashpots

_cp0;a
 _cp0;b
 Pre-exponential factors
DGa
 DGb
 Activation energies
ap,a
 ap,b
 Pressure coefficients
ha
 hb
 Softening slopes
sss,a
 sss,b
 Preferred states of athermal shear strengths
Langevin spring
CR
 Rubbery modulus
ffiffiffiffi
N

p

Limiting chain extensibility



Detailed explanation in regards to the determination of these material constants and model parameters is

given in Appendix A. It is worth noting here, however, that the reduced DMA data is used directly in the
definitions of the elastic springs, and that a piece-wise breakdown of the yield data is used in determining
material constants necessary for defining the viscoplasticity.

1348 A.D. Mulliken, M.C. Boyce / International Journal of Solids and Structures 43 (2006) 1331–1356
5. Model vs. experiment

Figs. 15 and 16 demonstrate the ability of the constitutive model to accurately predict the strain rate
dependence of PC during uniaxial compression across a broad range of strain rates. Model results and
experimental data for the stress–strain behavior at low (10�3 s�1), moderate (1 s�1), and high (5050 s�1)
strain rates are depicted in Fig. 15. The constitutive model is able to capture the characteristic features
of material response to large strain uniaxial deformation: initial linear elasticity, global yield, strain soften-
ing, and strain hardening.

The model is shown to capture the rate-dependence of the initial elastic modulus, by incorporating DMA
viscoelastic analysis into the formulation. The model does not predict the non-linear transition to yield, as
observed in the experimental curves; the model predicts yield as a sudden rather than distributed event.
Hasan and Boyce (1995) and, more recently, Anand and Gurtin (2003) have detailed modifications to
the model that would enable it to capture this feature of material response. However, for the intended
high-rate, large deformation applications of the model, the slight discrepancy is not of concern.

Fig. 16 is a plot of both model and experimental results for PC yield strength over seven decades of strain
rate. The plot also shows the model breakdown of the PC yield strength, into a-process and b-process con-
tributions. Even across the transition strain rates, the model predicts the experimental yield strength with
less than 5% error. The component-specific yield values indicate that the transition in the overall yield
behavior begins when the b-contribution becomes non-negligible. It is clear that the success of the model
lies in the decomposition of the intermolecular deformation resistance into the contributions from two dis-
tinct molecular processes. The original model, from which this model was derived, only accounted for one
molecular process, and thus was only capable of predicting a linear relationship between yield strength and
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lines) and experiment (solid lines).
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the logarithm of strain rate (or near linear, depending on the shear modulus dependence on rate and
temperature).

Figs. 17 and 18 provide the same comparison between model and experiment for PMMA as shown in
Figs. 15 and 16 for PC. In Fig. 17, the model curves clearly capture the rate-dependence of the initial elastic
portion and the yield point of the experimental curves at all strain rates. At the lowest strain rate, the model
curve emulates the entire experimental curve up to large strains. However, at moderate and high strain
rates, there is a large discrepancy between model and experiment over the post-yield portion of the
stress–strain curves. This is due to the significant thermal softening effects that are not accounted for in this
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Fig. 17. PMMA true stress–true strain behavior in uniaxial compression at low, moderate, and high strain rates: model prediction
(dashed lines) and experiment (solid lines).
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isothermal constitutive model. In reality, the moderate rate (10�2 s�1 to 10�1 s�1) curves correspond to
thermomechanically coupled response and the higher strain rate curves correspond to adiabatic deforma-
tion. Since the heat generated by plastic work does not have sufficient time to transfer to the surroundings,
the temperature-sensitive polymer thermally softens during plastic straining. Recent experiments by Rittel
(1999) and Lerch et al. (2003) on PC have indicated that a polymer disk under high-rate (103 s�1 to 104 s�1)
compression may increase in temperature as much as 40 �C with 80% plastic strain. Even at strain rates as
low as 10�1 s�1, Arruda et al. (1995) observed a 20 �C temperature rise in PMMA disks under large strain
compression. This is a critical issue to be addressed in future extensions of the constitutive model, and is a
part of current experimental and modeling efforts.

Nonetheless, Fig. 18 demonstrates the ability of this constitutive model to accurately predict the yield
strength of PMMA across a very broad range of strain rates. As before, the yield stress breakdown
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reinforces the fact that this model�s predictive capabilities are built upon a successful decomposition of
intermolecular deformation resistance into two separate contributions—a and b.

Fig. 19 provides model predictions of both the PC (a) and PMMA (b) yield strength (normalized by tem-
perature) as a function of strain rate, for a variety of temperatures at and above room temperature. Exper-
imental data for the particular brands of PC and PMMA used in this study has not yet been obtained under
all of these conditions, and therefore the quantitative predictions of the model here cannot be verified. How-
ever, qualitatively, these two plots demonstrate the general capability of the model in capturing the coupled
nature of the rate and temperature dependence of yield. For both materials, the yield transition is predicted
to shift to a higher strain rate with increased temperature. This prediction is in accord with the behavior of
the b viscoelastic transition, as well as Roetling�s experimental yield data (Fig. 1), among others.
6. Concluding remarks

The experimental techniques and corresponding analysis of this study have provided new insight into the
rate-dependent behavior of amorphous polymers. Thorough viscoelastic characterization combined with
compression testing over a wide range of strain rates has acted to experimentally characterize the influence
of material transitions on the rate-dependent behavior of polycarbonate and poly(methyl methacrylate).
Both of these materials have been known to exhibit enhanced rate-sensitivity when deformed under high
rates of loading, as compared to their behavior under quasi-static rates of loading. This enhanced rate-sen-
sitivity is directly attributable to the restriction of secondary (b) molecular motions. The protocols of this
study may be applied to any polymer in order to better understand and predict their mechanical behavior
over a wide range of temperatures and strain rates.

In conjunction with the dynamic mechanical analysis (DMA) experiments of this study, new analytical
methods were developed in order to translate measured viscoelastic data into a predictive tool that could pro-
vide insight into the moderate and high-rate behavior of amorphous polymers. These methods were validated
through accurate predictions of the strain rate/temperature conditions of the PC and PMMA yield behavior
transitions. By applying the techniques to other amorphous polymers and polymer-based material systems
(e.g. polymer nanocomposites), it will be possible to identify, with viscoelastic data alone, those which may
offer enhanced properties for impact applications and/or changes in the nature of their rate-sensitivity.

Following the experimental investigation and DMA analysis of PC and PMMA, a new constitutive
model for the three-dimensional finite-strain deformation of amorphous polymers was proposed. This pro-
posed model is built upon the transferable framework of an existing continuum-level constitutive model for
the rate-, temperature-, and pressure-dependent finite strain deformation of thermoplastics. The model revi-
sions are based on the same concepts which underly both the Ree–Eyring yield theories and the viscoelastic
analysis techniques introduced here: intermolecular resistance to deformation may be decomposed into the
contributions of different molecular processes, each with their own unique rate and temperature depen-
dence. Though the model introduced here only accounts for the primary (a) and most significant secondary
(b) processes, the contributions of other secondary processes (e.g. c, d, etc.) could easily be incorporated if
material response so dictated.

The proposed constitutive model is shown here to correctly predict yield stress values, as well as the
strain rate regime of the transition in the yield behavior, for PC and PMMA. For the case of PC, the model
correctly predicts the post-yield stress–strain behavior, up to 0.8 true strain, over the entire range of strain
rates tested (10�3 s�1 to 4000 s�1). However, the isothermal model does not capture the post-yield thermal
softening seen in the PMMA stress–strain curves at moderate strain rates. This important aspect of material
behavior at moderate and high rates shall be incorporated into future extensions of the model, following a
comprehensive investigation of the influence of adiabatic heating and energy storage mechanisms on mate-
rial deformation resistance. Furthermore, failure mechanisms need to be incorporated into the model
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before accurate structural response to impact loading may be simulated. Once these features are in place,
however, it will be possible to use model-based FEM simulations to systematically design polymer-based
components for high-rate impact applications.
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Appendix A. Material constants

A.1. Rate-dependent elastic springs

As described in Section 4.2, the material description for the linear elastic springs requires knowledge of
any two component-specific elastic constants; the values of these constants as a function of both tempera-
ture and strain rate must be determined.

The first set of elastic constants and their functional dependence on temperature and strain rate is de-
rived directly from the DMA data. Since the DMA experimentation conducted in this study was performed
in uniaxial tension, the elastic storage modulus measured is approximately equivalent to the material�s
Young�s Modulus. By decomposing the measured storage modulus reference curves into a and b compo-
nents, as described in Section 3.1, we analytically generated component-specific data for the Young�s Mod-
ulus of the two materials. The component curves give the temperature dependence of these moduli, and the
rate-dependent shifts of the corresponding viscoelastic transitions give the strain rate dependence of the
moduli. Thus the DMA experimentation and analysis techniques provided here lead directly to half of
the material constants needed to describe the linear elastic springs of the model: Eaðh; _�Þ and Ebðh; _�Þ.

Ideally, the values for the second elastic constants would also be derived from rate- and temperature-
dependent experimental data. For convenience, it was decided to instead take a second elastic constant
as truly constant (in both temperature and strain rate). Of all the elastic constants, the bulk modulus is
the least likely to vary significantly with changing temperature or strain rate, even through the material
glass transition. However, the question of how to split available bulk modulus values into a and b contri-
butions is not a trivial one. In the end, it was decided to take the Poisson ratio as a constant in both tem-
perature and strain rate, and to give the a and b components the same value of m. For PC, values were set as
ma = mb = 0.38; for PMMA, ma = mb = 0.35. It should be noted, however, that once adiabatic heating and
thermal softening phenomena are incorporated into the model, it will be very possible for the material
to pass through its glass transition with increased plastic straining. At that point, the methods for calculat-
ing elastic constants will need revision, for the Poisson ratio of these materials is known to change signif-
icantly between the glassy and rubbery regimes.

A.2. Viscoplastic dashpots

Experimental yield data is used to solve for the pre-exponential factors _cp0;a and _cp0;b and the activation
energies DGa and DGb. First, the experimentally measured yield values must be decomposed into a and
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b contributions, a technique derived from the Ree–Eyring yield models. The component-wise split of the PC
yield data is detailed in Fig. A.1. In the case of PMMA, Instron compression tests did not provide yield
data close to or below the predicted transition strain rate. Thus, prior to decomposition, the experimental
data of this study was supplemented with data generated analytically from the Ree–Eyring model and cor-
responding a-process parameters given by Bauwens-Crowet (1973).

Following decomposition of the yield data, a pair of simultaneous equations is derived by applying the
constitutive law for the rate of plastic straining (Eq. (27) or (28)) to a particular process (a or b) at two
different yield points corresponding to two different test strain rates. Appropriate values are substituted
in for each of the variables in these equations: the component-specific shear yield values s are taken from
the decomposed experimental yield data; the absolute temperatures h and the shear strain rates _cp are
known from the corresponding test conditions, assuming that both processes see the same loading condi-
tions; and the pressures p at yield are determined analytically from the total yield stress and the deformation
mode (e.g. uniaxial compression). Also, at yield, the shear strength s has not yet begun to decay—it evolves
to a steady state only with plastic straining. Thus the s values at yield may be calculated from Eq. (29) or
(31) along with the component-specific elastic constants that correspond to the particular test temperature
and strain rate. Finally, assuming that the component-specific pressure coefficients ap,a and ap,b are known
(discussed later), the only unknown quantities in the two equations are the pre-exponential factor _cp0 and the
activation energy DGb; these are solved for simultaneously.

In the constitutive equations of the viscoplastic dashpots, there are two other material constants to be
specified: the pressure coefficients ap,a and ap,b. These parameters may be calculated from a quantitative
comparison of tension and compression yield data derived from tests at the same temperature and strain
rate. Bauwens-Crowet et al. (1972) provide yield data for PC, in both tension and compression, at
4.16 · 10�3 s�1 over the temperature range �125 �C to 125 �C. By isolating two regimes in this data—
one dominated by the a-process alone, one in which the both the a and b processes are operative—again
the yield data may be made component-specific. The component-specific empirical relationships between
tensile and compressive yield lead to the PC pressure coefficients ap,a and ap,b given in Table A.1.
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Fig. A.1. Component-wise split of PC true shear yield stress data. Below the transition strain rate (�260 s�1), it is assumed that only
the a-process contributes to plastic deformation resistance; above the transition, a and b both contribute. Trendlines fit to the data are
used to determine model parameters _c0 and DG.



Table A.1
PC and PMMA viscoplastic model parameters

PC PMMA

a b a b

_cp0 [s�1] 2.94 · 1016 3.39 · 105 6.95 · 10219 1.77 · 103

DG [J] 3.744 · 10�19 3.769 · 10�20 5.528 · 10�18 6.036 · 10�20

ap .168 .245 .26 .26
ha [MPa] 250 N/A 200 N/A
sss,a [MPa] 0.67s0,a N/A 0.73s0,a N/A

1354 A.D. Mulliken, M.C. Boyce / International Journal of Solids and Structures 43 (2006) 1331–1356
To determine the pressure coefficients for PMMA, sufficient yield data was not available from any single
source in the literature, as had been the case for PC. In fitting the original (single process) constitutive
model to experimental PMMA data, Arruda et al. (1995) used a pressure coefficient of 0.26. Based on
the strain rates (10�3 s�1 to 10�1 s�1) and temperatures (23–75 �C) of their tests, it may be assumed that
this pressure coefficient is an average of the pressure coefficients of the a and b processes. Without any
knowledge of the actual breakdown, both the a and b process pressure coefficients were set to 0.26, in order
to maintain the average value used by Arruda et al. In future applications of the model, it will be important
to obtain more accurate values of these pressures coefficients, perhaps through experimental quantification
of the pressure-dependent shift of the a and b transitions.

For both PC and PMMA, the b-process pressure coefficient ap,b is taken to be zero in the case of negative
pressures. This modification of the original formulation is based upon an assertion that the secondary
molecular motions associated with the b-process are only affected by positive pressures, which reduce their
mobility. By setting ap,b equal to zero under conditions of negative pressure, we prevent the total b-process
shear resistance (sb + ap,bp) from going to zero or even negative in the case of large negative pressures.

The remaining model parameters for the viscoplastic dashpots are related to the internal shear strengths
sa and sb. In the most general form of this constitutive model, both of these shear strength values evolve
with plastic straining, in order to capture the strain softening phenomenon. Four parameters are required
to describe this evolution: the softening slopes ha and hb and the preferred states sss,a and sss,b. For this
study, strain softening in PC and PMMA was captured with evolution only in sa; sb was taken as a constant
fraction of lb. The parameters ha and sss,a were determined by fitting the model to the data. Stress–strain
curves generated in single-element simulations of uniaxial compression were compared to experimental
stress–strain curves. Values for ha and sss,a were iterated in parallel in order to achieve optimal agreement
between the simulated and experimental stress–strain curves, over the region dominated by strain softening.
The strain rates chosen for curve fitting were the lowest ones available, in order to avoid any thermal soft-
ening in the data associated with adiabatic heating. The PC and PMMA model parameters ha and sss,a,
determined by curve fitting, are given in Table A.1.

A.3. Langevin spring

The Langevin spring behavior is described by two material parameters: the rubbery modulus CR and the
limiting chain extensibility

ffiffiffiffi
N

p
. These parameters were determined by fitting model simulations to the
Table A.2
PC and PMMA Langevin spring model parameters

PC PMMA

CR [MPa] 14.2 14.0ffiffiffiffi
N

p
½

ffiffiffiffi
m

p
� 2.3 2.2

By curve fitting are given in Table A.1.
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stress–strain data, over the region dominated by strain hardening. Again, the strain rates chosen for curve
fitting were the lowest ones available, in order to avoid any thermal softening in the data associated with
adiabatic heating. The PC and PMMA model parameters CR and

ffiffiffiffi
N

p
, determined by curve fitting, are

given in Table A.2.
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